Abstract. We establish a generalization of Kitaev models based on unitary quantum groupoids. In particular, when inputting a Kitaev-Kong quantum groupoid H C , we show that the ground state manifold of the generalized model is canonically isomorphic to that of the Levin-Wen model based on a unitary fusion category C. Therefore the generalized Kitaev models provide realizations of the target space of the Turaev-Viro TQFT based on C.
Introduction
In [Kit1] , Kitaev proposed an approach to quantum computation which is based on quantum many-body systems exhibiting topological order, i.e., systems that are effectively described by a Topological quantum field theory (TQFT). Given a finite group G, Kitaev constructed a Hilbert space on a triangulated surface and an exactly solvable Hamiltonian, whose ground state is a topological invariant of the surface. The best known of these models is the toric code, which is based on Z 2 . Recently, the semisimple Hopf algebra extension was achieved in [BCMA] . Then in [BK2] it was proved that the ground state manifold of the Kitaev model based on a C * -Hopf algebra H is canonical isomorphic to the ground state manifold of the Levin-Wen model based on the category Rep(H).
In condensed matter physics, TQFTs are used to describe topological phases of matter. Turaev-Viro TQFTs (TV-TQFTs) are realized by Levin-Wen models which was introduced in [LW] and understood rigorously in [KK] . Given a unitary fusion category C and a trivalent lattice Γ on a surface Σ, one can write down a local exactly solvable Hamiltonian and the space of ground states turns out to be canonical isomorphic to the target vector space Z T V (Σ) of the TV-TQFT based on C [Kir] .
It is known that [ENO] every unitary fusion category is the representation category of a C * -quantum groupoid, which is not a Hopf algebra in general. Therefore the full dual Kitaev models to Levin-Wen Models should take C * -quantum groupoids as inputs. It was conjectured [BCKA] that the construction in [BCMA] should work for C * -quantum groupoid. In this paper, we establish this construction for certain C * -quantum groupoids and obtain a similar isomorphism between the ground state manifolds of generalized Kitaev models and Levin-Wen Models.
In [KK] , a C * -quantum groupoid H C was defined from a unitary fusion category C to study the boundary excitations of Levin-Wen models. In this paper, Kitaev models are generalized based on H C . To this end, on a given lattice of a closed oriented surface, vertex operators A Λ (v)'s and plaquette operators B λ (p) are defined using suitable cocommutative elements Λ and λ in H C and H * C so that they commute with each other and
is a frustration-free Hamiltonian (see more details in section 5 and section 7).
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The relationship between the work of Levin-Wen and Kitaev was discussed in [BA] and [KMR] . For mathematicians, [BK2] provides a readable explanation in the case of semisimple Hopf algebras. In this case, one can find a 1-1 correspondence between ground states of these two models. For the C * -quantum groupoids H C , we verify that such one-one correspondence still holds. More precisely, under certain assumption, given a unitary fusion category C and a lattice Γ on a closed oriented surface Σ, the ground state space G K (Σ, Γ) of the generalized Kitaev model based on H C is canonically isomorphic to the ground state space G LW (Σ, Γ) of Levin-Wen Models based on C. As a consequence, G K (Σ, Γ) is canonically isomorphic to the target space Z T V (Σ) of the TV-TQFT based on C.
The contents of the paper are as follows. In section 2 and section 3, we recall the notions of unitary fusion category and the construction of Levin-Wen models. In section 4 and section 5, we recall the notion of C * -quantum groupoid and construct the generalized Kitaev models based on C * -quantum groupoids. In section 6, we set up the notion of Kitaev-Kong C * -quantum groupoid H C based on a unitary fusion category C and study its representation categories. Finally, in section 7, we input H C to write down the Kitaev model and compares its ground states with those of LW models based on C.
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Unitary fusion categories
A fusion category is a semisimple abelian rigid tensor category with finitely many isomorphism classes of simple objects and finite dimensional morphism spaces and simple unit object (see [BK] or [ENO] for the complete axiomatic definition). In this section we recall the notion of unitary fusion category and establish our notations of certain 6j-symbols.
From now on, Irr(C) denotes the set of isomorphism classes of non-zero simple objects in C. The set of decompositions i ⊗ j ∼ = k∈Irr(C) N k ij k for all i, j ∈ Irr(C) and some natural number N k ij , is called the fusion rule of the fusion category C. We say a triple of simple objects (i, j, k) is admissible if N k ij = 0. A fusion category is multiplicity-free if N k ij ∈ {0, 1} for any simple objects (i, j, k), i.e., dim(Hom(i ⊗ j, k)) = 0 or 1.
In the following, we employ graphical calculus that complies the conventions in [BK] . In particular, diagrams are read bottom to top.
If a is a self-dual simple object in a pivotal fusion category, i.e., a * = a, then dim Hom(a⊗ a, 1) = dim Hom(a * , a) = dim Hom(a, a) = 1. This implies that as vectors in Hom(a⊗a, 1),
Such scalar ν a is called the Frobenius-Schur indicator. It turns out that ν a = ±1 [Wan] .
For simplicity we will only consider multiplicity-free fusion categories whose simple objects are self-dual and Frobenius-Schur indicators are trivial, i.e. ν V = 1 for every simple object. This assumption allows removing arrows from graphs and not considering the ± sign from Frobenius-Schur indicators when wrapping the lines.
The associativity of a fusion category can be represented by a family of numbers. They are the so called 6j-symbols. For a, b, c, d ∈ Irr(C), we choose bases for the vector spaces
where m and n run through all possible admissible simple objects. The F -matrices, whose entries are 6j-symbols, present the isomorphism
The associativity of C can be translated into the Pentagon equations among F 
As a result, the identity homomorphism from a ⊗ b to itself can be decomposed as follows:
3. Levin-Wen models based on unitary fusion categories Let C be a unitary fusion category. Given a trivalent lattice Γ on an oriented closed surface Σ, the Hilbert space for this model is
where l is the rank of C. It has a natural basis of all edge-labelings of Γ by representatives of simple objects (called labels). For simplicity, we assume C is multiplicity-free and self dual. The Hamiltonian will be written as
It suffices to define these operators on each basis vector. Given an edge-labeling e l of Γ, define A LW v |e l = |e l if the three labels are admissible around v, else A
is spanned by the edge-labelings of which any three labels around each vertex are admissible. The plaquette term will be expected to satisfy the requirement of zero total flux through each plaquette. An explicit formula is given by
k and the effect of B µ p is to impose a circle labeled by µ into the plaqutte.
Here the µ-circle can be removed by a sequence of F -moves (2). Then a bubble is created at each vertex.
Actually a shorter denition for B LW p operator was given as a projector for a single plaquette in [KK] (see [Kon] for more explicit description). In the following calculation, we will use symmetric 6j-symbols that are the factor proportionality when a bubble is removed at a vertex. By F -move, the relation between these two kinds of 6j-symbols is G 
Lemma 1. The symmetric 6j-symbols satisfy In this section we review basic properties of finite dimensional C * -quantum groupoids. The concept of quantum groupoid (weak Hopf algebra) is weakening the constraint on the unit and counit as in Hopf algebras. Readers wanting more details should consult Nikshych and Vainerman's survey article [NV] .
Throughout this paper we use Sweedler's notation for comultiplication, writing
. For simplicity, we shall suppress the summation symbol and write ∆(b) = b (1) ⊗ b (2) when no confusion occurs. Using coassocitivity the iterated coproduct
Definition 2. A finite quantum groupoid H is a finite dimensional vector space with the structures of an associative algebra (H, m, η) with multiplication m : H ⊗ H → H and unit η ∈ H and a coassociative coalgebra (H, ∆, ε) with comultiplication ∆ :
The counit is a linear map satisfying the identity:
A quantum groupoid H is said to be a C * -quantum groupoid if it is a C * -algebra and ∆ is a * -homomorphism ( [NV] ). Namely, its * -structure * :
From the definition, one can see that a quantum groupoid is a Hopf algebra if and only if the comultiplication is unit-preserving, and if and only if the counit is an algebra homomorphism.
The set of axioms of quantum groupoids is self-dual. This allows to define a natural quantum groupoid structure on the dual space H * by:
for all h, g ∈ H and φ, ψ ∈ H * . The unit η of H * is ε and the counit ε is given by φ → φ(η). One can show that the dual space H * of a C * -quantum groupoid is also a C * -quantum gorupoid with the * -structure given by φ * , h = φ, S(h) * . The linear maps defined in (3) are called target and source counital maps and denoted by ε t and ε s respectively,
Representation theory of C
* -quantum groupoids. For a quantum groupoid H, let Rep(H) be the category of finite dimensional H-modules. Similar to Hopf algebras, Rep(H) has a structure of a tensor category with duality. For objects U, V of Rep(H), their tensor product is defined to be U ⊗ V = ∆(η) · (U ⊗ C V ) where ⊗ C means the usual tensor product between vector spaces. The associtivity isomorphisms are the standard ones (U ⊗V )⊗W ∼ = U ⊗(V ⊗W ). The target counital subalgebra H t with an H-module structure h·z = ε t (hz), ∀h ∈ H, z ∈ H t , play the role of tensor unit object in Rep(H). For any object V of Rep(H), its left dual is defined to be 
For a C * -quantum groupoid H, a unitary representation of H is understood to be a finite dimensional Hilbert space V such that the scalar product ( ,
The tensor product between two unitary representation is defined as above. The tensor unit is H t equipped with scalar product (z, w) Ht = ε(zw * ). The dual V * of a unitary representation V is the conjugate Hilbert space. The action of
, where is the canonical group-like element of H. Explicitly, g satisfies 
Then one can verify the linear span J of the elements
is a two-sided ideal in H * cop ⊗ H. Here the action ⇀ is defined to be z ⇀ ε = ε (2) , z ε (1) and the action ↼ is defined by ε ↼ w = ε (1) , w ε (2) .
D(H) is defined to be the quotient H * cop ⊗ H/J and [α ⊗ x] denote the equivalence class of α ⊗ x. The D(H) is a quantum groupoid with unit [ε ⊗ η] and the comultiplication, counit, and antipode are given by
Both H and H * can be embedded into D(H) as sub quantum groupoids by h → [ε ⊗ h] and α → [α ⊗ η]. Now consider the sets of cocommutative elements in H and H * . They are
Proof.
The other equality can be verified similarly.
5. Kitaev models based on C * -quantum groupoids Let H be a C * -quantum gorupoid. Given an oriented lattice Γ on an oriented compact surface Σ. Then the space
is the Hilbert space of the model. As in [BCMA] , we consider the following operators: for all h, x ∈ H and α ∈ H * ,
Following Kitaev's convention shown in Figure 1 , a pair of local operators A h and B α are defined at a site (v, p) of the lattice Γ. In particular, for the site shown in Figure 2 , the local operators are
Proposition 4. The operators A h (v, p) and B α (v, p) satisfy the commutation relation:
where z ∈ H t , w ∈ H s . Hence, we have an algebra homomorphism
Proof. The multiplication relation follows by computation as [BCMA] . Here we verify the relations (3) and (4). For x 1 , x 2 ∈ H,
where we used the temporary abbreviation a = h (1) x 1 and b = x 2 S(h (2) ). Then
Under this homomorphism, we have the following corollary from Lemma 2.
For h ∈ Cocom(H), the vertex operator A h (v) := A h (v, p) does not depend on the choice of the adjacent faces p's. So does the plaquette operator B α (p) := B α (v, p) for α ∈ Cocom(H * ). Indeed, by cocommutativity, the coproduct can be permuted cyclically.
Proposition 5. Given h ∈ Cocom(H) and α ∈ Cocom(H * ) in a quantum groupoid H, all operators A h (v), B α (p) commute with each other.
Kitaev and Kong's quantum groupoids
In the following sections, we assume the fusion categories are self-dual and multiplicity free. In addition, we assume their Frobenius-Schur indicators are trivial which allows the F -matrices endowed with certain symmetry. 6.1. C * -quantum groupoid H C for unitary fusion category C. In [KK] Kitaev and Kong constructed a C * -quantum groupoid H C from a unitary fusion category C. Here we give an equivalent definition. As a vector space,
and it is spanned by the basis e These basis vectors are linearly transformed from the basis used in [KK] by F -moves. The quantum groupoid structure is given as follows in terms of the basis {e Everything in checking the satisfactory for the axioms of quantum groupoids is straightforward except that the comuplication is an algebra homomorphism. Indeed, it needs the unitarity of F -matrices. Thus a unitary fusion category C is essential for the quantum groupoid structure of H C . The interested readers can consult [PZ] (Appendix A) for details.
Lemma 3. The comultiplication can be written in terms of symmetric 6j-symbols The lemma follows by calculating these circle values by symmetric 6j-symbols and θ(i, j, k). After factoring out one symmetric 6j-symbols, one needs to evaluate the following circle k = φe k for k = 1, 2, 3 and e 0 e 1 e 0 = e 0 , e 1 e 0 e 1 = e 1 , e 1 e 2 e 1 = e 1 , e 2 e 1 e 2 = e 2 , e 0 e 2 = e 2 e 0 and φ 2 e 1 + φ(e 0 + e 2 ) − φ(e 0 e 1 + e 1 e 0 + e 1 e 2 + e 2 e 1 ) − φ 2 e 0 e 2 + e 0 e 1 e 2 + e 2 e 1 e 0 + φ(e 1 e 0 e 2 + e 2 e 0 e 1 ) − e 1 e 0 e 2 e 1 = 1.
If we start with the representation category Rep(Q) of a general C * -quantum groupoid Q, we can not expect that H Rep(Q) ∼ = Q. The following example provides a counter example.
Example 2. Let S be the representation category of the symmetry group S 3 . Then S has 3 simple objects 1, σ, ψ of quantum dimensions 1,1,2 with nontrivial fusion rules σ 2 = 1, σψ = ψσ = ψ and ψ 2 = 1 + σ + ψ. One can easily check that
6.2. Representation theory of H C . For a unitary fusion category C, we can explicitly construct all simple representations for H C . Let V i = span{v 
It is easy to check that the subalgebra
. By counting the dimensions and unitarity of H C , we have
Proposition 6. The target counital subalgebra of H C is given by
Proof. It follows a direct calculation using the definition of the target counital subalgebra.
Let us compute the fusion rule for V i 's. We first observe that the tensor product
, c, i, j admissible} In deed, it is easy to check this by computing ∆(η). The following proposition gives the Clebsch-Gordan coefficients for V j ⊗ V k and its decomposition into the direct sum of simple representations.
Proposition 7. The subspace of V j ⊗ V k spanned by
where the first summation runs over all j, k such that i, j, k are admissible, is isomorphic to V i . Therefore, by counting the dimensions, we have
Proof. We first calculate the coproduct using F -symbols.
After removing the bubbles by two F -moves, we obtain a formula for coproduct in terms of F -symbols.
where j, k must be admissible with i. Using (5), we can end up the proof by checking that e ab i;cd (u
. The other cases follow by similar calculation.
Remark 1. If C is not multiplicity free, one can show in a similar way that the fusion rule for H C -modules is as the same as C's, i.e.,
Note that the linear map given by v ab i → u ab i is a basis vector of Hom(V i , V j ⊗ V k ). This gives rise to the 6j-symbols for the representation category of H C . Explicitly, we have the followings bases for 
It is clear that the above argument can be applied to the general unitary fusion category, not relying on the assumption of being self-dual and multiplicity free and trivial FrobeniusSchur indicators. As a consequence, we have the following theorem.
Theorem 1. Given a unitary fusion category C with real F -matrices, the representation category of H C is equivalent to C. This is a special case of a general theorem in [ENO] . Proof. First, S-invariance is obvious. Next by direct calculation, we have Λ 2 = Λ and A straightforward calculation leads to the following properties of λ.
Lemma 5. λ is an idempotent in H * C and * -invariant. It induces an S-invariant trace on H * C . That is λ(yx) = λ(xy) = λ(x)λ(y), λ(S(x)) = λ(x) and λ(x * ) = λ(x) for x, y ∈ H C . Now we define the vertex operator A 
Here we have used that χ(xy) = χ(yS 2 (x)) and S(S(x * ) * ) = x for x, y ∈ H C . Similarly, one can find the adjoints for T 
is a frustration-free unitary Hamiltonian for the Kitaev model based on H C .
Because the Hamiltonian is a sum of local commuting projectors, the ground state space 
where i 1 , i 2 , i 3 must be admissible otherwise the result equals zero. Here the graph in the ket presents the labelled lattice around the vertex v and the dash lines are the edges of the oriented lattice. Note that the action depends on the orientation of the edges. This is the reason that the factor √ dc √ dp appears in the formula. By this formula, where the coefficient C a,b,c is given by
Note that we have omitted the factors associated to those vertices not on plaquette p and an overall factor ( • Θ for all plaquette. Therefore, we know that the ground states of these two models are in 1-1 correspondence. Combining with the result in [Kir] , one has G K (Σ, Γ) is canonically isomorphic to the target space Z T V (Σ) of the TV-TQFT based on C. This implies that the ground state does not depend on the choice of trivalent lattice and is a topological invariant of Σ.
The self-duality and multiplicity free assumptions for C are not essential obstacles to establish a general model. Their main use is to save indices and arrows when doing graphical calculus. The assumption of trivial Frobenius-Schur indicators for C is subtle. It is not needed to write down a frustration free Hamiltonian based on H C for a general unitary fusion category C. However, in order to show the new models have the same ground states as LW models, we need to impose the trivial FS indicators assumption to deal with the identities evolving 6j symbols with certain symmetry. It is expected to drop this assumption by more careful discussion in the future.
